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Hg4 Intro

Natural numbers start at 0, F fE{E always a next one. X}T
predicates on natural numbers the

Note3d

principleofinductionis: n€&N,P(n)=P(0)A n,P(n) = P(ntl)
B, to WFBH P(n) ¥ T natural numbers one proves P(0), the FZ:ARIEN,
1 on,P) =

P(n+l1), the VAN step. In the V444 step, the assumption that
P(n) is E is called the

inductionhypothesiswhichistypicallyusedtoarguethatP (n+1)istrue
An ffIF is the statement P(n)=X n i= n(n+l) . The ZEAmkIEM, P(0),
is the observation that

i=0 2

> 0 i=0. Intheinductionstep, theinductionhypothesis, P(n), isX
n i= (n) (n+1) . Theinduction

i=0 i=0 2

stepproceedsasfollows:

ntl n (n) (n+1) (n+l) (n+2)

Y i= Y itntl= +ntl= .,

22

i=0 i=0

Thefirstequalityfollowsfromthedefinitionofthenotation, X, thesecondsubstitutestheinduction
hypothesisandthelastisalgebra.
AndwhatisprovenisP (n+1), whichisthatX n+li= (n+1) (n+2)
i=0 2
Another Fll ZE{fy view of the natural numbers are that f£fE the
numbers 0 to n F1 HF4
thereisn+l. Thestronginductionprincipleisthat

neN,P(n)=PO)A n, (( k<n)Pk)) = P(n+l).
Here the JA4N {Ri% is that P(k) is E X values k <n. To iEM] that
every natural
number n=2 can be written as a product of primes, we take
the HMEM as P(2) Hr can be
written as 2, ' is a product of a prime. F X any n, W it
is prime, it can be written as itself,
otherwise n=ab f1 by the inductive hypotheses P(a) #1 P(b) is
that each can be written as a
product of primes. [KlIt, we can write n as the product of the
primes in both a 1 b. ZEif here
that the HEAEFEW starts at 2, HH illustrates that one chose the
FEREE AL as is relevant to the
statementbeingproven.

Strengtheningtheinductionhypothesisisatechniquethatprovesastrongertheorem.
Forexample,

the notes #JE& the E#¥ “The sum of the first n odd numbers is a

perfect square.” In fact

the notes inductively {iFB] the stronger EFE “The sum of the

first n odd numbers is n2.” Here,

the stronger inductive f&i% allows the UH%4N step to proceed

easily. Z&ic that in strong

44, we {Ri% more cases are E in the inductive f{i¥, whereas
strengthening the



inductivehypothesisprovesastrongerclaimentirely.
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1 Natural J94H4 on Inequality

Provethatifn&Nandx>0, I54 (1+x)n =1+nx.

Note3

il -

* BaseCase: Whenn=0, theclaimholdssince (1+x)0 =1+0x.

* InductiveHypothesis: Assumethat (1+x)k =1+kx

forsomevalueofn=k wherek €N.

* InductiveStep: Forn=k+1, wecanshowthefollowing:

(I+x) k+1 =(1+x) k (1+x) = (1+kx) (1+x)

= 1+kx+x+kx2

=1+(k+1) x+kx2 =1+(k+1)x

Byinduction, wehaveshownthat né€&N, (1+x)n =1+nx.

2 Make It Stronger

% that the %] a ,a ,... is defined by a =1 fl a =3a2 X}F n=1.
We want to

Note3 1 2 1 ntl n

provethat

a

<3(2n)

n

foreverypositiveintegern.

(a) % that we want to ilFHJ this statement using JA%4. Can we %
our inductive

% be simply a <

3(2n)?

Attempt an JA44 ERH with this &% to ERH

n

whythisdoesnotwork.

(b)

Instead, 4’ strytoinsteadproveastrongerstatementinstead, oftheforma
<3(2n ?7).

What

n

should replace the [ marks fTLL that the JHZHZEE works out? Try
some examples

andseewhatworks.

(c)
Usingyourstrongerinductivehypothesisfrompart (b), carryouttheinductionproof
(d) Whydoesthehypothesisinpart (b) implytheoverallclaim?

filEs

(a) &’ strytoprovethatforeveryn=1, wehavea
<32n

byinduction.

n

BaseCase: Forn=1wehavea

=1<321

=9.

1

InductiveStep: Forsomen=1, weassumea

<32n

. Now, considern+l. Wecanwrite:

n

a =3a2 <3(32n )2 =3X32X2n =3X32n+1 =32n+1+1.
ntl n

SR1M, what we wanted was to get an inequality of the form: a <
32n+1
. f#1E an



n+l
extratlintheexponentofwhatwederived
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(b) The ff1% should be a <

32n 1.
We can see in the next part that this modification
n

allowsthealgebraintheinductivesteptoworkoutnicely.
(¢c) Thistimetheinductionworks
BaseCase: Forn=lwehavea =1<<32 1 =3

1

InductiveStep: Forsomen=lweassumea
<32n 1.

Now, considern+l. Wecanwrite:

n

a =3a2 <3X(32n 1)2 =3X32X (2n 1) =3X32n+l 2 =32n+1 1.
ntl n

Thisisexactlytheinductionhypothesisforn+1.

(d)

Foreveryn=1, wehave2n 1<2nandtherefore32n 1<32n

. Thismeansthatourmodified

% Hd we proved in part (b) does indeed imply what we wanted
to UEPH in part

(a).

3 Binary Numbers

JIFBY that every I1EFJ #%{ n can be written in binary. #efJigid, WFHH
that XfF any

Note3

positiveintegern, wecanwrite

n=c *2ktc *2k 1+t ¢ e+c <« 21+c =+ 20,

kk 110

forsomek ENande € {0, 1} foralli<k.

i

As an #¥F, the number 13 can be written in binary as 1101
because 13 = 1 ¢ 23+1 « 2240 «

21+1 « 20.

filEs

Provebystronginductiononn.

The key insight here is that 1% n is divisible by 2, #A it
is easy to get a bit string representation

of (n+l) from that of n. #RW, W% n is I divisible by 2, 4
(n+1) will be, F its binary
representationwillbemoreeasilyderivedfromthatof (n+1) /2.
Moreformally:

* BaseCase:n=lcanbewrittenasl X20

* InductiveStep: fl# that the statement is H X 1 < m < n,
HAd n is arbitrary.

Now, we need to #%J& n+l. WIHE n+l is divisible by 2, I4 we can
apply our inductive

hypothesisto(n+1l) /2anduseitsrepresentationtoexpressn+linthedesiredform.
(n+1)/2=c *2k+c <2k 1+ « s+c *21+c =20

kk 110

n+t1=2 « (n+1)/2=c « 2k+l+c < 2kt e « «+c «22+c <« 21+0 « 20.

kk 110

Otherwise, n must be divisible by 2 F1 [Xtt have ¢ =0. We can

obtain the representation

0

ofn+1fromnasfollows:



n=c *2ktc *2k 1+ e o+c <2140 20

kk 11
ntl=c < 2ktc <2k 1+ o o+c *21+1 <20
kk 11

I, thestatementistrue.
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Here is another alternate f#% emulating the V% of converting
a decimal number to a

binarynumber.

* BaseCase:n=lcanbewrittenasl X20
InductiveStep:Assumethatthestatementistrueforalll<<m<In, forarbitraryn.
Weshow

thatthestatementholdsforn+1.
Let2mbethelargestpowerof2suchthatn+1=2m. [KA I,

n+1<2m+1. Weexaminethenumber (n+1) 2m.

K~ (n+1)  2m<n+1, theinductive

% holds, FrbAh A1H a binary representation ¥+ (n+l) 2m. (L%
(n+1) 2m =0,

thenwestillhaveabinaryrepresentation, namely0 « 20.)

Also, AN n+1<2m+1, (n+1) 2m <2m, FTLL the largest power of 2
in the representation

of (n+1) 2m is2m 1. K, bytheinductivehypothesis,

(n+1) 2m =c *2m 1+c *2m 2+ e« s+c e+ 21+c =20,

m 1lm 210

andadding2m tobothsidesgives

ntl=2mtc *2m 1l+c *2m 2+ * o +c < 21+c <« 20,

m 1lm 210

whichisabinaryrepresentationforn+l.

[K1t, theinductioniscomplete.

Anotherintuitionisthatifxhasabinaryrepresentation, 2xand2x+1doaswell:
shiftthebitsand

possibly place 1 in the last bit. The above VA44 could 4 have
proceeded from n Fll used

the binary representationof n/2 , shifting #M

possiblysetting the first bit depending on whether

nisoddoreven.

%10 In proofs using simple UA%4, we only use P(n) in order to
IEAH P(n+1). Simple

JA44 gets stuck here because in order to iERH P(n+l) in the
A58, we need to

assumemorethanjustP (n).
Thisisbecauseitisnotimmediatelyclearhowtogetarepresentation

%7F P(n+l) using just P(n), particularly in the case that n+l
is divisible by 2. As a result, we

assumethestatementtobetrueforallofl, 2, ..., ninordertoproveitforP (n+l)
4 Fibonacci X Home

Recall, theFibonaccinumbers, definedrecursivelyas

Note3

F =1,F =1, andF =F +4F

12nn 2n 1
ProvethateverythirdFibonaccinumberiseven. Forexample, F
=2isevenandF =8iseven.

36

filEs

Wewanttoprovethatforallnaturalnumbersk=1,F iseven.

3k



Basecase: Fork=1, wecanseethatF =2iseven.

3

Inductionhypothesis:
Supposethatforanarbitraryfixedvalueofk, F iseven.
3k

Inductivestep: Wecanwrite

F =F +F =2F +F .

3k+3 3k+2 3k+1 3k+1 3k
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Bytheinductionhypothesis, weknowthatF =2qforsomeq.

3k

This means that A1 that F = 2(F +q), H 254 that it is even.
Ak, by the

3k+3 3k+1

principlesofinductionwehaveshownthatallF areeven.

3k
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