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Stable ULEC Intro

Goal: A1H n candidates #1 n jobs; each candidate ! job has a
preference list. We want to

Note4

pairupcandidatesandjobssuchthatthereisastablematching
Definitions:

* StableMatchinglnstance:

Asetof jobsandcandidatesandtheirrespectivepreferencelists

e JLft: Disjointsetof(c, j)pairsthatarematchedtogether

ii

* Rogue Couple: a pair (c, j) IF in the ULEZ that prefers each
other over their current

matchings(c, j' )fi(c’ , j)

* StableMatching: matchingwithnoroguecouples

* Optimalcandidateforjob:
highestrankedcandidateforajobinanystablematching

* Optimal jobforcandidate:
highestrankedjobforacandidateinanystablematching

* Job optimal: All jobs get their optimal candidates; a
candidate optimal VULHAC is defined

similarly

* Candidate pessimal: All candidates get their pessimal jobs
(i.e. lowest ranked job ¥+ each

candidateinanystablematching) ;ajobpessimalmatchingisdefinedsimilarly
Proposeandrejectalgorithm: Eachday,

1. Morning: Jobs propose to the top candidate who have 3f

rejected them; 2&iC that a job will

proposetothesamecandidateasthepreviousdayiftheywerenotrejected
2. Afternoon: Candidates say “maybe” to the best job offer
FTLL far, keeping them in hand Ef on

astring, andsay “no” toeveryotheroffer

3. Evening: Jobscrossoffthecandidatesthathaverejectedthem

The process halts when no rejections happen; all candidates
M4 accept their current offer. %id

that the #7% only produces one stable VULEZ, JrLL there can be
other stable matchings If

producedbythealgorithm.

Improvement 5|¥: every candidate will only say maybe to
better job offers as time goes on.

Similarly, everyjobwillonlyproposetoworsecandidatesastimegoeson.

Asaresult, theproposeandre jectalgorithmalwaysproducesastablematchingthatisjoboptimal
andcandidatepessimal.
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Remember, a stable JUEC instance is only defined as the & of
jobs, candidates, #H
preferencelists

Itdoesnotincludethematchingitself, noranyalgorithm.
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1 Stable VLFZ

& the 24 of jobs J ={1,2,3} #1 the #£4& of candidatesC
={A,B,C} with the following

Note4

preferences.



Jobs Candidates Candidates Jobs

1A>B>CA2>1>3

2B>A>CB1>3>2

JA>B>CC1>2>3
Runthetraditionalpropose—f-rejectalgorithmonthisexample
Howmanydaysdoesittakeand

whatistheresultingpairing? (Showyourwork.)

fif s -

The algorithmtakes 5days toproduce a PLHZ. The
resultingpairing isas follows. Thecircles

indicatethejobthatacandidatepickedonagivenday (andrejectedtherest).
{A,2), B 1), (C3)}.

Candidate Dayl Day2 Day3 Day4 Dayb

Al1,311, 222

B22 331,31
C

2

T oW N

ropose—f-Reject Proofs

Provethefollowingstatementsaboutthetraditionalpropose—fl-rejectalgorithm.
Noted

(a) In any execution of the %k, I a candidate receives a
proposal on day i, H84 they
receivesomeproposaloneverydaythereafteruntiltermination.

(b) In any execution of the %, U a candidate receives no
proposal on day i, H84 they

receivenoproposalonanypreviousday j, 1< j<i

(¢) In any execution of the ik, fEfE at least one candidate
who only receives a single

proposal. (##7~: usethepartsabove!)

(d) There does JF exist a stable VLM instance XFF n jobs 1 n
candidates X n>1, such

that in a stable JUHEZ %75 with jobs proposing, every job ends
up with its least

preferredcandidate.
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(a) Theideaistoinductonthenumberofdayspassedsofar.

Basecase: CandidateC receivesaproposalondayi

InductiveStep: AssumeCreceivesaproposalonday j=ifromjob].
Wewanttoshowthey
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will also get a proposal on day j+1. fEfE two cases: C prefers
J to all other offers, X

C prefers some job J' to J. In the first case J proposes toC
on day j+1 #1 in the second J’

proposestoC onday j+1soC receivesatleastoneproposalonday

jtl.

(b) Onewayistouseaproofbycontradiction.
Assumethatacandidatereceivesnoproposalon
dayibutdidreceiveaproposalonsomepreviousday j, 1< j<i.
Bythepreviouspart, KN

the candidate received a proposal on day j, they must

receive at least one proposal on every

dayafter j. Buti>

j, sothecandidatemusthavereceivedaproposalondayi, contradicting
ouroriginalassumptionthattheydidnot

(¢) %4’ s say the HiE takes k days. This means that every
candidate must have received

a proposal on day k. #RW, this also means that f£fE at least
one candidate C who



does IF receive a proposal on day k 1-#I3 this were JF the

case, the % would have

already terminated on day k 1. H$4 from part (b), sinceC did
JE receive a proposal on

day k 1, they didn’ t receive a proposal on any day before k.
A, we know they

gotexactlyoneproposalondayk, sincethealgorithmterminatedonthatday.
X, wehave

thatC

receivesexactlyoneproposal throughouttheentirerunofthealgorithm.
(d) & such an instance existed, it would mean that at the
end of the %%, every job would

have proposed to every candidate on its list F1 has been
rejected n 1 times. This also

means that every candidate got proposed to by every single

one of the jobs, F1 at the very

end must have rejected n 1 jobs in total (to end up with

only one preferred job at the last

day). We know this is impossible though, as we learned above
that at least one candidate

receivesasingleproposal.

Ik, theremustbeatleastonecandidatewhoisnotproposedto
untiltheverylastday.

3 Be a Judge

%7+ each of the following statements, indicate whether the
statement is H BY R Ml justify

Noted

youranswerwithashort2-31lineexplanation:

(a) In a stable VLEZ instance, W% job J Al candidateC each put
each other at the top of their

respectivepreferencelists, then] mustbepairedwithC
ineverystablepairing

(b) In a stable ULEZ instance with at least two jobs A two
candidates, #IHR job J A candi-

dateC
eachputeachotheratthebottomoftheirrespectivepreferencelists, then]
cannotbe

pairedwithC inanystablepairing.

(c)

Foreveryn>1, thereisastablematchinginstancefornjobsandncandidateswhichhasan

unstablepairingwhereeveryunmatchedjob—candidatepairisaroguecouple
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(a) E: We give a simple #FBH by FJ&. {Ri% that J andC put each
other at the

top of their respective preference lists, {Hi& J 1 C are IE
paired with each other in some

stable pairing S. K, S includes the pairings (J,C' ),

(J' ,0), 7T some job J' Hl candidate

C' . SRWi, J prefers C over its partner in S, AN C is at the
top of J’ s preference list
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SimilarlyC prefers J over her current job. [HFit (J,C) form a
rogue couple in S, FrbL S is FE

stable. WehavearrivedatacontradictionthatS existswhereC and]J
arenotpaired.

Kt % job J Fl candidate C put each other at the top of their
respective preference



lists, then] mustbepairedwithC ineverystablepairing

(b) {E: Thekeyhereistorealizethatthisispossibleifjob]
andcandidateCareatthebottom

of everybody else’ s preference list as well. ¥fT T, a two
job, two candidate instance

wherethefirstjobisbestforbothcandidates, andthefirstcandidateisbestforbothjobshas
its only stable pairing A" the first job Fll first candidate
are paired (by part (b)), F1 the

second job F1 second candidate are paired. The second job Fl
second candidate are each

other’ sleastpreferredoption.

(c) E: The key idea to this f#% is that we want a #4 of
preferences X+ FHr J

i

C like each other the least F1 make a pairing J 1 C together.
In this ULEZ M each

iii

unmatchedcoupleisaroguecouple

Inparticular, aninstancecanbeconstructedbyforming

preferences H:H' job i’ s (candidate i’ s) least favorite
candidate is candidate i (job i) # an

arbitrary ordering on all the others. [HAIt, X+ any job i
candidate j, ¥+ i = j, 4

job i prefers candidate j to i (its partner in M) FA
candidate j prefers job i to j (its partner

inM.) That, iseverypairiand j isaroguecouple

Anexamplefortwo jobsandtwocandidates, istheinstance:

Jobs Candidates

1BAA21

2ABB12

ThepairingP={(4, 1), (B, 2) } isthepairingwhereeachpairof jobsandcandidatesthatare
notinP, (A, 2) 1 (B, 1), areroguecouples

4 Stable ULEZ I11

(a) TrueorFalse?

Noted

(i) W& a candidate accidentally rejects a job they prefer on

a %€ day, W4 the Bk

stillalwaysendswithamatching

(ii)

ThePropose—fl1-Re jectAlgorithmneverproducesacandidate—optimalmatching
(iii)

Ifthesame jobislastonthepreferencelistofeverycandidate, the jobmustendupwith
itsleastpreferredcandidate

(b) As you’ ve seen from lecture, the jobs—proposing
Propose—fll-Reject %y% produces an

employer—-optimal stable ULHZ. 4" s see W3 the candidate have

any way of improving

their standing. {1 exactly one of the candidates has the

power to arbitrarily reject one

proposal, regardless of Hrf job they have on their string (%
any). Construct an |7

thatillustratesthefollowing:

foranyn=2, thereexistsastablematchinginstanceforwhich
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usingthispowerhelpseverycandidate, Bleverycandidategetsabetter jobthantheywould
havegottenunderthe jobs—proposingPropose—f1-RejectAlgorithm.



fif s -

(a) (i) f&, considerthecase:

Jobs Candidates

1ABA12

2BAB21

Using SMA, the ULEZ will be: (A, 1), (B,2). ## candidate A
rejects job 1 despite

having no other jobs on their string, job 1 will propose to
candidate B il also get

rejected. This leaves both candidate A F1 job 1 partnerless

In this case, the accidental
rejectionpreventsamatchingfrombeingproducedatall.

(ii) f&R. fRi% that all jobs have a different first choice. Also
supposed that the job

proposing is each candidate’ s first choice. In this case,

the 5% would end after

the first day with both jobs 1 candidates ending with their
top pick. In this case, the

resultiscandidate—optimal.

(iii)

i, considerthefol lowingcasewhere jobsarenumbersandcandidatesareletters:
Jobs Candidates

1ABA21

2BAB21

Job 1 is last on every candidate’ s list, 2R, {(A, 1), (B,2)} is
a stable pairing Hr

joblgotitstopchoicecandidate

(b) AJe—ftE, 1RiX that candidate 1 is the candidate with this
special power.

Now, assumethepreferencelistsareorderedasfollows:

Job Preferences Candidate Preferences

1 152> ¢« «>n I>n1ndn 1>« o «>2>1

22>3> ¢« = e>n 1>n>1 2 1d>nd>n 1> = » 22

33>4> ¢ ¢ 52122 3 2210n>n 1> e ¢ >3

nn>l>2>e » +>n 1lnn 1Dn 2>+ ¢ «>Dn

IfthePropose—fl1-Re jectAlgorithmwasrunwiththesepreferencelists, theneachcandidate
would be stuck with their least—preferred job. 2RI, 4’ s say
candidate 1 rejects job 1

on the first day, Blf# they have nobody on their string. #4,
job 1 will be forced to

propose to its second option, candidate 2, F1 they will

accept because the job is their first

choice. Now, job 2 has no partner fl will propose to

candidate 3, who will accept, leaving

job 3 without a partner. This process continues E.Z| job n
proposes to candidate 1. One

rejectionhasledallcandidatestogettheirbestchoiceinsteadoftheirworstchoice!
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